

CAqt��¤ TlOtm�� ��¤d�� :¨�A��� 
Ab��

��¤d�� �AO��¤ �A`�Attm�� 1

T`�Attm��  � Anml�
xn = (1 +

1

n
)n

Ty�At�� Tq§rW�� �d�ts� T§Ahn�� �l�  A�§³ .Aht§Ah� Tmy� Yl� �r`t� �� Annk� , Ty�CAq�

ln(`) = ln
(

lim
n→∞

xn

)

= lim
n→∞

ln(xn)

= lim
n→∞

n ln(1 +
1

n
)

= lim
n→∞

ln(1 + 1
n)

1
n

= lim
x→0

ln(1 + x)

x

=
d

dx
ln(1 + x)|x=0 = 1

.` = e  �� ¨�At�A�¤
 � �� d��t�� ¨¡ Tq§rW�� £@¡ ��d�tF� ¨� ­dy�w�� TlkKm��

ln
(

lim
n→∞

xn

)
= lim

n→∞
ln(xn)

Tb�w� T§Ahn��  � ^�¯) T§Ahn�� Tmy� dn� ln x T��d�� �AO�� T�yt� �q�t§ A� w¡¤
.:Ty�At�� T§r\n�� 	s� ��Ð¤ (dy��t�A�

 wk� f : A −→ R T�� ©� ,A ⊂ R�kt� :�A`�Attm�A� �AO�¯� :T§r\� - 1-1
�q�t§ A r}An� �� (xn)n∈N T`�Att� ©±  A� �Ð� Xq�¤ �Ð� b ∈ A dn� TlOt�

lim
n→∞

xn = b =⇒ lim
n→∞

f(xn) = f(b)

Y�� Ty�CAq�¤ A r}An� �� (xn)n∈N T`�Att� @���¤ b dn� TlOt� f  � |rf� (⇐=) - A¡r�
�y�� δ > 0 d�w§ ¢�� �l`� f �AO�� �� ,YW`� ε > 0 �ky� . b

∀x ∈ A : | x− b | < δ =⇒ | f(x)− f(b) | < ε

�y�� δ � ­rZAn� n0 d�w§ ¢�� �l`� (xn)n∈N T`�Attm�� 
CAq� ��¤

n > n0 =⇒ | xn − b | < δ
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 � �tnts� �yt�®`�� �y�A¡ ��d�tFA�
n > n0 =⇒ | f(xn)− f(b) | < ε

T`�Att� d�w�¤ b dn� TlOfn� f  � |rfn� , ¨�A�§³� xwk`m�A�  A¡rb�� Tq§rV �d�tsnF (=⇒)
.limn→∞ f(xn) 6= f(b) Amny� limn→∞ xn = b �y�� A r}An� �� (xn)n∈N

|x− b | < δ �q�� x ∈ A d�w§ δ > 0 �k� �y�� ε0 > 0 d�w�  � d�¯ f �AOf�� 	bs�
.| f(x)− f(b) | ≥ ε0 �k�

�y�� xn ∈ A  w�¤ �tntsn� n ∈ N∗ �y� δ = 1/n Tmyq� �@¡ �bW�

| f(xn)− f(b) | ≥ ε0Amny� |xn − b | < 1

n

.f(b) Y�� 
CAqt�  � �km§ ¯ (f(xn))n∈N Amny� b Y�� 
CAqt� (xn)n∈N T`�Attm��  ± �@¡ © ¥§
:­CwO�� Yl� T§r\n�� £@¡ T�Ay} ­ A�� �km§

 �� A ⊂ R�y� f : A −→ R �kt�

lim
n→∞

f(xn) = f( lim
n→∞

xn) : A ⊃ (xn)n∈N T`�Att� ©±⇐⇒ A Yl� TlOt� f

��d�tF� ¨� ��mt� Y�¤±� ,�ytq§rW� T§r\n�� £@¡ �d�ts� :T§r\n�� �ybW� Yl� Tl��� - 2-1
T�� �AOf�� �Ab�� ¨�  wk§ T§r\nl� ¨�A��� ��d�tF¯� .Tny`� T`�Att� T§Ah� 
As�� T�¤r`� T�� �AO��

.T§r\n�� ¨� YW`m�� �AO�¯� ªrJ ��A�� T`�Att�  A�§�� ­AW`�
:�A`�Attm�� �A§Ah� 
As�

 � ^�®�¤ ,limn→∞ xn = 0  � �l`� ���¤ xn = 1
n �S� , yn = n sin(1/n) �kt� (1)

yn =
sin(xn)

xn

T§r\n�� �� �O�� ¨�At�A�¤ 0 dn� TlOt� f  � d�n� f(x) =

{
sin(x)/x, x 6= 0
1, x = 0

@���

:Yl�
lim
n→∞

yn = lim
n→∞

f(xn) = f( lim
n→∞

xn) = f(0) = 1

T�At� Annkm§ .yn =
2(n + 3) sin2( n

n+1π)

n + 1
�kt� (2)

yn = 2
n

n + 1
sin2(

n

n + 1
π) + 6

sin2( n
n+1π)

n + 1

T`�Attm�� ¨� un = sin2( n
n+1π) ­ ¤d�m�� T`�Attm�� 
rR �}A� �� ­CAb� ¨�A��� d���

�S� �¤±� d��� TF�Cd� .rfO�� ¨¡ d��� �@¡ T§Ah�  wk� ¨�At�A�¤ ,rfOl� �¤¥� ¨t�� zn = 6
n+1

¨�At�A�¤ limn→∞ xn = 1 dn� TlOt� f  � d�n� xn = n
n+1 ¤ f(x) = 2x sin(πx)

.f(1) = 0 ¨¡ �¤±� d��� T§Ah�  wk�
:��¤d�� �AOf�� �Ab��
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 � d�n� yn = 1
2nπ+π/2 ¤ xn = 1

nπ @��� ,f(x) =

{
sin(1/x) x 6= 0
a x = 0

�kt� (3)

lim
n→∞

xn = lim
n→∞

yn = 0

lim
n→∞

f(xn) = 0 6= 1 = lim
n→∞

f(yn) Amny�

.a Tmy� CAyt��  A� ¾A§� 0 dn� TlOt� ry� f  � 
b�§ A� w¡¤

�kt� (4)

f(x) =





1
q x = p

q , gcd(p, q) = 1, x 6= 0

0 x ∈ R \Q
1 x = 0

T`�Att� dy��t�A� ��An¡ ,x0 ∈ Q TWq� dn� f �AO�� TF�Cd� ¯¤� �db� .f T��d�� �AO�� TF�C  w�
£@¡ ��m� ,(tn = x0 +

√
2

n :¾®�� @���) x0 Y�� �¤¥� TyFAyq�� ry�  �d�±� �� (tn)n∈N
 � d�� T`�Attm��

lim
n→∞

f(tn) = 0 6= f(x0)

.x0 dn� TlOt� ry� f  �� ¨�At�A�¤
:Ty�At�� T§r\nl� �At�� An¡ ,x0 /∈ Q dn� f �AO�� ¾AS§� xCd�

 �� x0 ¨FAy� ry�  d`� �¤¥� TyFAyq��  �d�±� �� T`�Att� (pn

qn
)n∈N 
�A� �Ð�

.­ ¤d�� ry� (qn)n∈N

 �� x0 Y�� �¤¥� Tyqyq���  �d�±� �� T`�Att� ©� (tn)n∈N 
�A� �Ð� ¢�� T§r\n�� £@¡ �� �tn§
�y�) 0 Y�� �¤¥� T`�Attm�� �� TyFAyq��  ¤d��� Cw}  ± limn→∞ f(tn) = 0 = f(x0)
¨�At�A� ,T��d�� �§r`� �� rfO�� ©¤As� TyFAyq�� ry�  ¤d��� Cw}¤ (+∞ Y�� �¤¥� �A�Aqm��  �

.x0 dn� TlOt� f  � �tnts�
.TyFAyq�� ªAqn�� dn� TlOfn�¤ TyFAyq�� ry� ªAqn�� �ym� dn� TlOt� f T��d��  � ©�

Ty�At�� ��CAb`�� �� �� �W� ¤� T�} xC � .Tl·F� 3.1
.a dn� TlOt� f  �� limn→∞ f(xn) = f(a) 
�A�¤ limn→∞ xn = a 
�A� �Ð� (1)

.T§d�Ab� (f(xn))n∈N  �� limn→∞ xn = a 
�A�¤ a dn� TlOt� ry� f 
�A� �Ð� (2)

.limn→∞ f(xn) = f(a)  �� limn→∞ xn = a 
�A�¤ a dn� TlOt� T�� f 
�A� �Ð� (3)

.(f(xn))n∈N 
CAq� ¸�Ak§ (xn)n∈N 
CAq� : TlOt� T�� ©± (4)

limn→∞ xn−yn = 0 
�A�¤ f TlOtm�� T��d�� �AW� ¨�  At`�Att� (xn)n∈N, (yn)n∈N 
�A� �Ð� (5)
.limn→∞ f(xn)− f(yn) = 0  ��

.�§CAm� 4.1

:Ty�At�� �A`�Attm�� �� �� 
CAq� xC � (1)
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,xn = cos( nπ
n+1) (�)

,xn = tan( 2nπ
(2n+2+n+5)

) (
)

,xn =
√

n2

n2+5n+3
(�)

,xn =
3
√

n3+n+2
n+1 ( )

,xn =
√

n2+2n+1−√n2+n+1√
n2+3n−1+

√
n2+n−1

(£)

,xn = cos(
√

n2+2n−1−√n2+n+1√
n2+4n+1+

√
n2+n+1

π) (¤)

,xn = (e−n + 1)en (E)
.xn = 2n3−n√

n3+1
cos2(

√
n3 + 2)− n3−5n

n3+1
(�)

:Ty�µ� ��¤d�� �� �� �AO�� xC � (2)

.a ∈ R ,f(x) = xa (�)

.f(x) =

{
1/x, x ∈ Q, x 6= 0,

0 ��Ð ry� (
)

.f(x) =

{
p/q2 x ∈ Q, x = p

q ,

0 x /∈ Q (�)

 A� �Ð� ,A � ���r� TWq� a ∈ R �ky�¤ A ⊂ R �y� f : A −→ R �kt� :�¡r� (3)
 �� limx→a f(x) = ` ∈ R

. lim
n→∞ f(xn) = `  �� lim

n→∞xn = a �q�� �Ð� A ⊃ (xn)n∈N T`�Att� ©±

.xn = n(n√a− 1) �kt�¤ ,	�w� ¨qyq�  d� a �ky� (4)

,Ty�CAq� T`�Att� (xn)n∈N  � �¡r� (�)
 � �¡r� ,u(a) = limn→∞ xn �kt� (
)

((ab)1/n − a1/n − b1/n + 1) = (a1/n − 1)(b1/n − 1)

,u(ab) = u(a) + u(b)  � �tntF� ��Ð ��¤
.TlOt� T�� u  � �¡r� (�)

�\tnm�� �AO�¯� 2

�Ab�� Tq§rV �y� �®t�� �An¡ �k� R Yl�  AtlOt� g(x) = x2 ¤ f(x) = | x |  At��d��
.Amhn� �� �AO��

 � d�n� δ = ε CAt��¤ ,ε > 0 ¤ x0 ∈ R @��� :f �AO�� �Ab�³

|x− x0 | < δ =⇒ | f(x)− f(x0) | = | | x | − | x0 | | ≤ | x− x0 | < ε

d�n� δ = ε
1+2|x0 | CAt��¤ ε > 0 ¤ x0 ∈ R @��n� :g � Tbsn�A� A��

|x− x0 | < δ =⇒ | f(x)− f(x0) | =
∣∣ x2 − x2

0

∣∣ ≤ | x− x0 | | x + x0 |
≤ | x− x0 | (2 |x0 |+ | x− x0 |) < ε

g T��dl� Tbsn�A� A�� , f T��dl� Tbsn�A� x0 Yl� dmt`§ ¯ δ � A�CAyt�� ?�rf�� 
\�¯ �¡
.x0 Yl� dmt`� δ  ��
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: A� �Ð� A Yl� �A\t�A� TlOt� f  � �wq� , f : A −→ R �kt� :�§r`� - 1-2
�y�� δ > 0 d�w§ ∀ε > 0

∀x, y ∈ A : |x− y | < δ =⇒ | f(x)− f(y) | < ε

T��d��  � �l`� �bF Am�¤ ,TlOt� xAF±� ¨� ¨¡ �A\t�A� TlOt� T�� ©�  � �R�w�� ��
.�\tn� ry� Ah�AO�� �k� R Yl� TlOt� g(x) = x2

.�A\t�A� TlOtm�� ��¤d�� �� ­ryb� Tf¶AV  AyW`�  Ay�At�� T§r\n��¤ �§r`t��
A Yl� (Lipchitz condition) ztKby� ªrJ �q�� f T��d��  � �wq� :�§r`� - 2-2

�y�� M  d� d�Â¤ �Ð�

∀x, y ∈ A : | f(x)− f(y) | ≤ M |x− y |

Yl� �A\t�A� TlOt� f  �� A Yl� ztKby� ªrJ �q�� f 
�A� �Ð� :T§r\� - 3-2
.A

. -¹CAql� �¤rt�  A¡rb��

­ ¤d�� AhtqtK� 
�A�¤ A Yl� �AqtJ®� Tl�A� T�� f 
�A� �Ð� :T�yt� - 4-2
.A Yl� �A\t�A� TlOt� f  �� A Yl�

ztKby� ªrJ �q�� f  � �AtntF� �km§ TWFwtm�� Tmyql� ���r�¯ T§r\� �� - A¡r�

| f(x)− f(y) | ≤ M | x− y | ∀x, y ∈ A

.M = supx∈A | f ′(x) | �y�
¨� £�rnF A� �@¡ ?�A`�Attm�� ��d�tFA� ¾Am\tn� ¾¯AO�� TlOtm�� ��¤d�� zyym� �km§ �¡

.�yty�At�� �yt§r\n��
�Ð� Xq�¤  A� �Ð� A Yl� �A\t�A� TlOt�  wk� f : A −→ R :T§r\� - 5-2

: A�
A r}An� �� (yn)n∈N ¤ (xn)n∈N �yt`�Att� ©±

lim
n→∞

xn − yn = 0 =⇒ lim
n→∞

f(xn)− f(yn) = 0

(yn)n∈N ¤ (xn)n∈N �kt�¤ A Yl� �A\t�A� TlOt� T�� f : A −→ R �kt� (⇐=) - A¡r�
�y�� A r}An� ��  At`�Att�

lim
n→∞

xn − yn = 0

�y�� δ > 0 d�w§ �\tnm�� 
CAqt�� �§r`� �� ,YW`� ε > 0 �ky�

∀x, y ∈ A : |x− y | < δ =⇒ | f(x)− f(y) | < ε

�y�� n0 d�w§ δ �� £@h� ¢��� 
CAqt�� �§r`� ��¤

∀n ∈ N : n > n0 =⇒ | xn − yn | < δ

34



 � d�� �y�CAb`�� ��d�

n > n0 =⇒ | f(xn)− f(yn) | < ε

 � 
b�§ A� w¡¤
lim
n→∞

f(xn)− f(yn) = 0

d�w§ δ > 0 ©± �y�� ε0 > 0 d�w§ ¢�� ��Ð Yn`� ,�A\t�A� TlOt� 
sy� f  � |rf� (=⇒)
.| f(x)− f(y) | ≥ ε0 �k� |x− y | < δ �y�� x, y ∈ A �§rOn�

.| f(xn)− f(yn) | ≥ ε0 �k� | xn − yn | < 1
n �y��xn, yn ¨�At�A� d�wy� δ = 1

n @���n ∈ N∗ �k�
.limn→∞ f(xn)−f(yn) 6= 0�k� limn→∞ xn−yn = 0 Aqq�� (yn)n∈N ¤ (xn)n∈N  At`�Attm��

©� Cw}  �� A Yl� �A\t�A� TlOt� T�� f : A −→ R 
�A� �Ð� :T§r\� - 6-2

.TyJw� T`�Att�  wk� A r}An� �� TyJw� T`�Att�
�� TyJw� T`�Att� (xn)n∈N �kt�¤ A ⊂ R �y� A Yl� �A\t�A� TlOt� f �kt� - A¡r�

�y�� δ > 0 d�w§ �\tnm�� �AO�¯� ªrJ �� .YW`� ε > 0 �ky�¤ A r}An�

∀x, y ∈ A : |x− y | < δ =⇒ | f(x)− f(y) | < ε

�y�� n0 ∈ N d�w§ δ Tmyq�  � d�� ¨Jw� ªrJ ��¤

∀n,m ∈ N : n,m > n0 =⇒ |xn − xm | < δ

 � d�� �yt�®`�� �y�A¡ ��d�

∀n,m ∈ N : n,m > n0 =⇒ | f(xn)− f(xm) | < ε

.TyJw� T`�Att� (f(xn))n∈N  � 
b�§ A� w¡¤
�A\t�A� TlOt� 
sy� A� T��  � �Ab�³ T�whs� T§r\n�� £@¡ �d�ts�

T`�Att� (xn)n∈N  � d�� xn = 1
n @��� .x ∈]0, 1] �y� f(x) = 1/x �kt� :�A�� - 7-2

TlOt� 
sy� f  � ��Ð �� �tn§ ,TyJw� 
sy� (f(xn))n∈N  �� ¨�At�A�¤ f(xn) = n Amny� ,TyJw�
.]0, 1] Yl� �A\t�A�

�q�� g(x) = x2 T��d�A� , �wm`�� ¢�¤ Yl� ¾A�y�} Hy� Tq�As�� T§r\n�� Hk�
ry� T��d�� £@¡ �k� ,TyJw� T`�Att�  wk� R r}An� �� TyJw� T`�Att� ©� Cw}  �
T�wm�� A 
�A� �Ð� A� T�A� ¨� �y�} T§r\n�� �l� Hk� �k� .R Yl� �A\t�A� TlOt�

.­ ¤d��
T�� f : A −→ R 
�A� �Ð� ,­ ¤d�� T�wm�� A ⊂ R �kt� :T§r\� - 8-2

 �� , TyJw� T`�Att�  wk� A r}An� �� TyJw� T`�Att� ©� Cw}  � �q��
.A Yl� �A\t�A� TlOt� f

.TyJw� T`�Att�  wk� A r}An� �� TyJw� T`�Att� ©� Cw}  � �q�� f  � |rf� - A¡r�
¤ (xn)n∈N  At`�Att� d��  � d�¯ (5.2) T§r\� �� .A Yl� �A\t�A� TlOt� 
sy� f  � ¾¯d� |rfn�¤
�y�¤ ,limn∈N f(xn)−f(yn) 6= 0 �k� limn∈N xn−yn = 0 �y�� A r}An� �� (yn)n∈N
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 Aty¶z�  At`�Att� ��r�tF�  Ak�� �mS� (9.5) �§Cw� - �§A¡ T§r\�  �� ­ ¤d�� T�wm�� A  �
�S� ,(ynk

)k∈N ¤ (xnk
)k∈N  AtyJw�

zk =

{
xnk

, k ¨�¤E  d�
ynk

, k © r�  d�

(f(zk))k∈N  � ©� , limk→∞ f(zk+1)− f(zk) 6= 0 �k� TyJw� T`�Att� (zk)k∈N  � d�n�
.T§r\n�� |r� {�An§ A� w¡¤ TyJw� T`�Att� 
sy�
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